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With the growing environmental concern, it is necessary to improve process simula- 
tion and develop design tools to account for environmental factors in the synthesis of 
large-scale chemical processes. A major obstacle in tackling this problem is uncertain- 
ties in some of the technical and economic parameters, which lead to uncertainties in 
design, plant performance, and cost estimates. Further, a conceptual process design 
involves the identification of an optimal flowsheet structure from many altematiues 
stituting the “superstructure. ”Synthesis and optimization of large-scale processes inuolp 
ing uncertainties ofen require considerable computational efort. A novel algorithm pre- 
sented here is based on simulated annealing for the process synthesis of large-scale 
jlowsheets having several configurations and considers uncertainties in the process de- 
sign systematically. This new “stochastic annealing algorithm, ’’ pro~des an eficient 
approach to stochastic synthesis problems by incorporating a penalty term in the objec- 
tive finction and balances the trade-off between accuracy and eficiency based on the 
annealing temperature. It has been used to study a benchmark synthesis problem in the 
HDA process, Sauings of up to 80% in CPU time has been achieued without significant 
loss of solution precision with stochastic annealing, compared to simulated annealing 
with a fixed sample size. It can be applied to analyze eficiently any complex process 
flowsheet and prouide valuable insights into process feasibility based on optimal design, 
plant performance, and uncertainty issues. 

Introduction 
Computer-aided process design plays an important role in 

the design of new processes and the analysis of existing proc- 
esses. The design of new processes is, however, complicated 
by technical and economic uncertainties, which lead to un- 
certainties in the prediction of plant performance and overall 
plant economics. An example where such technical and eco- 
nomic uncertainties occur and are not treated or character- 
ized rigorously, is in the design of integrated environmental 
control processes for advanced power systems (Diwekar et 
al., 1992b). Since the conceptual design of any chemical proc- 
ess involves the identification of possible flowsheet configura- 
tions, design methods must also address the issues of process 
synthesis under uncertainty, as it has important implications 
on process viability, and other quality measures such as con- 
trollability, safety, and environmental compliance. 

Correspondence concerning this article should be addressed to U. M. Diwekar. 

Conventional simulation models are based on a steady-state 
deterministic framework and do not handle uncertainties in a 
systematic manner. The necessity to analyze uncertainties is 
greater in the context of emerging processes, since for these 
processes the available performance data are scant and the 
technical and economic parameters are not well established. 
A systematic framework to analyze uncertainties is a key step 
in this regard and promises to overcome some of the difficul- 
ties encountered with deterministic simulators. Furthermore, 
although design under uncertainty has received considerable 
attention in the past in the chemical engineering literature 
(Pistkopoulos and Grossmann, 1988; Straub and Grossmann, 
1990; Varvarezos et al., 1993; Ciric and Huchette, 1993), a 
generalized framework for analyzing uncertainty systemati- 
cally, however, has recently been developed around a chemi- 
cal process simulator (Diwekar and Rubin, 1991). 

One of the main goals in synthesis problems is to establish 
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methodologies for selecting optimal flowsheet configurations. 
Approaches to process synthesis problems essentially fall un- 
der the following areas: 

1. Thermodynamic approach (Linnhoff, 1981) 
2. Evolutionary methods (Nishida et al., 1981) 
3. Hierarchical approach, based on intuition and engineer- 

4. Optimization approach based on mathematical pro- 

In general, mathematical programming techniques in proc- 
ess synthesis involves (a) formulation of a conceptual flow- 
sheet incorporating all the alternative process configurations 
(superstructure) and (b) identification of an optimal design 
configuration based on optimal structural topology and the 
optimal parameter-level settings for a system to meet speci- 

ing judgment (Douglas, 1985) 

gramming techniques (Grossmann, 1985). 

in the form of probabilistic distributions and can be extended 
to process synthesis applications. Since stochastic analysis in- 
creases computational time owing to the large number of 
samples required to arrive at a more definitive probabilistic 
value of the objective function, another goal of this algorithm 
is to achieve the trade-off between accuracy and efficiency 
baseg on the annealing temperature. We have developed an 
algorithm, referred as “stochastic annealing,” that can select 
the optimal number of samples and obtain the desired opti- 
mal solution without significant loss of accuracy. This en- 
deavor is promising in the context of large-scale flowsheets in 
determining the optimal design configuration as well as han- 
dling uncertainties in a manner that is computationally effi- 
cient, yet predicts probabilistic estimates of plant perform- 
ance, design, and economics accurately. 

fied performance and cost objectives (Grossmann, 1590). 
Once the superstructure is known, mixed integer nonlinear 
programming (MINLP) algorithms can be used to solve the 
synthesis problem. These algorithms are based on the alter- 
nating sequence of nonlinear programs (NLPs) and mixed in- 
teger linear programs (MJLP~). over the years, significant 
advances in MINLP algorithms have lead to the development 
of equation-oriented software, such as ~ R O S  (paules and 

Stochastic Modeling and Synthesis under 
Uncertainty 

The goal of an optimization problem is to determine the 
Set of decision variables 6 that optimize some aspect of the 
deterministic IIKKM represented by objective function Z ,  
subject to equality constraints h and inequality constraints g. 

Floudas, 1989), DICOPT++ (Kocis and Grossmann, 1989). A Of the problem is given by 
and PROSYN (Kravanja and Grossmann, 1990). These pack: 
ages have some practical limitations, as it may be too labori- 
ous and cumbersome to analyze complex chemical processes. 

Sequential-modular deterministic simulators, such as AS- 
PEN/PRO-11, incorporate detailed process models and have 
been developed to simulate complex processes. However, they 
do not possess any synthesis capability. A synthesis capability 
incorporating MINLP optimization techniques has been de- 
veloped around the public version of ASPEN, but even then 
it lacked the ability to synthesize processes under uncertainty 
(Diwekar et al., 1992a). Optimization under uncertainty es- 
sentially falls into two classes of problems: (1) stochastic opti- 
mization; (2) stochastic programming. In stochastic optimiza- 
tion, at each optimization iteration, some probabilistic repre- 
sentation of the objective function and constraints is opti- 
mized. On the other hand, stochastic programming involves 
the solution of a deterministic optimization for each scenario, 
yielding a probabilistic representation of optimal solutions. A 
methodology for stochastic optimization and stochastic pro- 
gramming capability built around a deterministic simulator 
has been outlined recently (Diwekar, 1994). 

An alternative to the solution of the superstructure using 
MINLP techniques is simulated annealing. The advantages of 
simulated annealing in chemical process synthesis applica- 
tions are that it is not a derivative-based method and can 
handle large discontinuities in the solution space. 

Simulated annealing, in recent years, has been successfully 
applied to the design of heat exchanger and pipeline net- 
works (Dolan et al., 1989) and in the scheduling of batch 
processes (Das et al., 1990). However, unlike MINLP, it has 
not been incorporated as a design mechanism in synthesis 
problems. Further, an algorithm based on simulated anneal- 
ing, developed to handle uncertainties in a systematic and 
efficient manner has not been applied to the study of large- 
scale flowsheets. 

This article therefore presents a new variant of simulated 
annealing, which has been modified to handle uncertainties 

Optimize Z = z(e ,x )  
6 

subject to 

h ( 8 , x )  = 0 (2) 

g(e ,x )  I o (3) 

where 6 is a decision variable vector and x is a vector of 
model parameters. 

In many cases, the need for realistic models necessitates an 
uncertainty analysis owing to uncertainties associated with 
some of the input parameters in the model. A general ap- 
proach to a wide variety of problems involving uncertainties 
is to assign probability distributions to the various uncertain 
parameters. Hence, a generalized stochastic optimization 
problem where the decision variables and uncertain parame- 
ters are separable is as follows: 

Optimize z= P,[z(~,x,u)] (4) 
6 

subject to 

Pz[h(e,x,u)l= ( ~ 1  ( 5 )  

p,[g(e,x,u)l I az, (6) 

where u is a vector of uncertain parameters and P, repre- 
sents a probabilistic function. The vector of uncertain param- 
eters ( u )  are chosen based on the amount of information 
available (Diwekar and Rubin, 1991). For an expected value 
minimization of a function Z with a cumulative probability 
distribution p, this results in: 

Minimize t = E ( Z )  = /d z dp. (7) 
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For Nsamp samples, the expected value can be obtained by 
sampling from the distribution: 

On the other hand, if one seeks to minimize the variance, 
then the probabilistic functional case for variance minimiza- 
tion becomes: 

It is apparent from the previous equations that unlike a 
deterministic optimization problem, a stochastic optimization 
problem treats a probabilistic function of the objective func- 
tion and constraints. In stochastic optimization, therefore, the 
stochastic modeler assigns the probabilistic distributions to 
the input parameter u, then uses a sampling technique to 
generate the specified number of samples ( Nsamp) and passes 
the sampled value of each parameter to the model. For each 
model run, the objective function and constraints are col- 
lected. The simulation is then repeated for a new set of sam- 
ples selected from the probability distributions. Finally, when 
all the samples have gone through the cycle, the stochastic 
modeler analyzes the output and finds the probabilistic func- 
tion of the objective function and constraints, which is passed 
on to the optimizer. Since at each optimization iteration stage, 
one needs to run the stochastic model with a large number of 
samples to calculate the probabilistic functions, the computa- 
tional intensity in stochastic optimization is large. 

There are many ways of sampling from probability distribu- 
tions, of which the best known and more commonly used is 
Monte Carlo sampling. In crude Monte Carlo sampling, a 
value is drawn from a distribution at random for each input 
parameter. In most cases, the primary objective is to produce 
a more uniform distribution of points in the parameter space; 
then systematic or stratified sampling techniques become more 
appealing. In stratified sampling, the sampling space is seg- 
mented into intervals and the input values are obtained by 
sampling separately from each interval, instead of from the 
entire distribution. Latin hypercube sampling (LHS), which 
represents one version of stratified sampling (Iman and 
Shortencarier, 1984), is used in our analysis. 

implication of Sample Size in Simulation 
Experiments 

Simulation runs involving uncertain parameters in the 
model are computationally intensive due to the large number 
of samples that need to be propagated through the model. 
One of the primary concerns in simulation runs involving un- 
certain parameters is therefore the sample size one needs to 
choose to obtain precisely an estimate for a statistical param- 
eter, such as the mean or the standard deviation, without 
wasting too much CPU time. Monte Carlo techniques have 
the advantage of estimating the precision of the estimated 
parameters based on a particular sample size. This is because 

one can apply standard statistical techniques to analyze the 
output from a Monte Carlo run, as the sampled values of 
each output variable is a “random”samp1e from a true prob- 
ability distribution of that variable. In most cases, the num- 
ber of sampling runs depends on the cost and objective of the 
run. Furthermore, the number of runs also depends upon the 
type of application. For a comprehensive discussion on the 
number of sample runs required to build reliable models, the 
reader is referred to Morgan and Henrion (1990). 
In almost all stochastic optimization problems, the major 

bottleneck is the computational time for generating and eval- 
uating probabilistic functions of the objective function and 
constraints. For a given number of samples (m) of a random 
variable (Y ), the estimate for the mean or expected value ( j j )  

and the unbiased estimator for standard deviation (s) can be 
obtained from classic statistics (Milton and Arnold, 1990). 

The accuracy of the estimates for the actual mean ( p) and 
the actual standard deviation (u) is particularly important to 
obtain realistic estimates of any performance or economic 
parameter. However, as stated earlier, this accuracy is de- 
pendent on the number of samples. The number of samples 
required for a given accuracy in a stochastic optimization 
problem depends upon several factors, such as the type of 
uncertainty and the point values of the decision variables 
(Painton and Diwekar, 1995). The idea of interval estimation 
in statistics enables us to construct a confidence interval 
around the mean or standard deviation and allows us to make 
inferences on the mean or standard deviation of a distribu- 
tion. It seems plausible, therefore, to use this idea of interval 
estimation to select the number of samples to obtain more 
accurate estimates of any statistical parameter without wast- 
ing unnecessary CPU time. In our approach, we have used 
this notion of a confidence interval to estimate the number of 
samples required to obtain precise estimates of a statistical 
parameter, such as the mean or the standard deviation. 

Confidence Interval and the Bandwidth 
The sampling distribution of .jj depends on the underlying 

distribution of Y.  If Y is normally distributed, then j follows 
a t distribution and approaches a normal distribution as m 
becomes larger. Further, no matter what the distribution of 
Y might be, for large samples, the distribution 7 approaches 
a normal distribution with mean p and standard deviation 
u/G. This is a result of the central limit theorem, and en- 
ables one to represent the uncertainty in the estimated mean 
j .  Since s is an unbiased estimator for u, one can estimate 
the standard deviation of the sample mean. For 2, a random 
variable with unit normal distribution and c the correspond- 
ing deviation such that the range (- c, c) encloses a proba- 
bility, the confidence interval for p, the mean of Y is F - c(s/ 
fi), j + c(s/&). This, however is not an accurate estimate 
if m is small. 

On the other hand, if one chooses to minimize the stan- 
dard deviation (s) to arrive at a less “uncertain” expected 
value of the mean of an output result, estimates of the upper 
and lower bounds of the standard deviation can be obtained 
from the chi-square distribution. The underlying assumption 
in these estimates is that the sampling is performed from a 
normal distribution. 

To illustrate how interval estimation can be used to select 
the sample size, consider a simple probabilistic function f ( x , ,  
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Figure 1. Mean and its bounds as a function of the 
number of samples for Monte Carlo runs. 

x, )  = x1 X x ,  of two variables x1 [uniform (0.9, 1.1)] and x, 
[normal (0.8, 1.2)]. For a given number of samples, one can 
construct upper and lower bounds for a 95% confidence in- 
terval around a parameter, which gives a measure of the pre- 
cision in the estimate for that parameter. Figure 1 shows the 
estimates of the mean for f ( x , ,  x,) vs. the number of sam- 
ples for crude Monte Carlo runs. Comparing this with Figure 
2, which shows the estimate of the mean of f(x,, x,) vs. the 
number of samples, for Latin hypercube sampling, it can be 
observed that Latin hypercube sampling requires a fewer 
number of samples to obtain precise estimates of the mean. 
The upper and lower bounds (shown by the solid and broken 

lines, respectively) for a 95% confidence interval for LHS in- 
dicate that there is no significant change in the width of the 
interval after 150 samples. This bound is truly an overesti- 
mate for Latin hypercube sampling; nevertheless, it allows 
one to perceive the number of samples required for Latin 
hypercube sampling based on a confidence interval around 
the mean. Similar results are obtained for the estimates of 
the stdndard deviation. Figure 3 indicates that a large num- 
ber of samples are required to obtain precise estimates of the 
standard deviation for Monte Carlo runs compared to Latin 
hypercube sampling (Figure 4). Again, although the bounds 
for the estimate of the standard deviation is an overestimate 
for Latin hypercube sampling, they show a similar trend, as 
in the case of the estimate of the mean, namely, that the 
width of the confidence interval does not show a significant 
change above a certain number of samples (in this case, 250). 
This leads us to believe that one can use the confidence in- 
terval to select the number of samples in simulation runs. 

It seems clear from the preceding discussion that for an 
especially small number of samples, the interval estimation 
for the mean or the standard deviation discussed before, is 
an approximation. Currently, a novel approach based on the 
concept of fractal dimensions to estimate the error band- 
width accurately is being investigated (Diwekar, 1994). 

Combinatorial Optimization and Synthesis under 
Uncertainty 

Process synthesis may involve a large number of discrete 
configurations of a given flowsheet. Such problems involving 
uncertainties, coupled with combinatorial optimization can 
make the solution space highly nonlinear and discontinuous 
and sometimes impossible for a search algorithm to converge 
on the optimum. An example of such a system that can cause 
such a “combinatorial exp1osion”is a simple model of a Bray- 
ton cycle power plant (Painton and Diwekar, 1994). This sys- 
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Figure 2. Mean and its bounds as a function of the 
number of samples for Latin Hypercube sam- 
pling. 
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Figure 3. Standard deviation and its bounds as a func- 
tion of the number of samples for Monte Carlo 
runs. 
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Figure 4. Standard deviation and its bounds as a func- 
tion of the number of samples for Latin Hyper- 
cube sampling. 

tem has been shown to yield a solution space comprising 10.2 
million combinations. In the past decade, simulated anneal- 
ing has been known to solve such combinatorial optimization 
problems and has been applied in widely different fields 
(Rutenbar, 1989). However, to the best of our knowledge, the 
problem of a systematic treatment of uncertainty using simu- 
lated annealing has never been addressed in the engineering 
literature. In the subsequent sections, we present the stan- 
dard simulated annealing algorithm and its new variant, the 
stochastic annealing algorithm, which can treat a probabilis- 
tic objective function systematically as well as select the opti- 
mum number of samples based on the error bandwidth. 

Simulated annealing algorithm 
Simulated annealing is a heuristic approach for solving 

combinatorial optimization problems involving many vari- 
ables. In recent years, simulated annealing has been em- 
ployed in many diverse areas, such as very-large-scale inte- 
grated (VLSI) chip floorplanning, traveling salesman prob- 
lem, image processing, and physical design of computers, to 
name a few. It is a probabilistic method based on ideas from 
statistical mechanics (Kirkpatrick et al., 1983), which deals 
with the behavior of systems having many degrees of freedom 
in thermal equilibrium at finite temperatures. Systems involv- 
ing liquid metals freeze and crystallize or cool and anneal. At 
high temperatures, the molecules of liquid metals exhibit 
greater thermal mobility. If such a system is cooled slowly 
(i.e., annealed), the atoms orient themselves to form a pure 
crystal, thus attaining the lowest energy state of the system. 
On the other hand, if the liquid metal is cooled quickly (i.e., 
quenched), it does not reach this minimum energy state, but 
rather attains a polycrystalline or amorphous state possessing 
high energy. 

The behavior of atoms in the presence of a heat bath is 
governed by the temperature. At each temperature, the sys- 

tem is allowed to attain thermal equilibrium. The probability 
( P r )  of such a system of being in a state with energy E is 
given by the Boltzmann distribution: 

where K ,  is the Boltzmann’s constant (1.3806 X J/K) 
and 1/Z, is a normalization factor (Collins et al., 1988). In 
simulated annealing, the objective function (usually cost), is 
analogous to the energy of the system. The aim of such a 
problem then is to minimize the cost/energy denoted by f(x), 
where = ( X , ,  X , ,  . . . , X N >  represents a particular config- 
uration of the system. To observe the behavior of the system, 
the system is perturbed from its present state to another state. 
These individual perturbations are referred to as neighbor- 
hood moves. It must be noted, however, that simulated an- 
nealing requires that these moves be Markov chains, since it 
is only in such cases that simulated annealing is guaranteed 
to attain global optimum, asymptotically (van Laarhoven and 
Aarts, 1987). 

The behavior of a system subject to such a neighborhood 
move is determined from an observation of the objective 
function. If the configuration results in a lower energy state, 
the move is accepted. However, if the move results in a higher 
energy state, the move is still accepted according to Metropo- 
lis criteria [accepted with a probability exp(- AE/K,T)]. 
Thus, a large percentage of uphill moves are accepted at high 
temperatures. The system is allowed to reach thermal equi- 
librium at each temperature, which is then lowered, and the 
annealing process continues until the system reaches a cer- 
tain “freezing” temperature. 

In mixed-discrete optimization, both discrete and continu- 
ous variables are involved; hence, such problems are combi- 
natorial in nature. Such a solution space is much more com- 
plicated than that of a nonlinear optimization problem in- 
volving continuous variables. These problems are character- 
ized as having multiple local minima in the solution space. 
Most existing algorithms on nonlinear optimization are devel- 
oped to enhance the efficiency of the search procedure. For 
nonconvex objective function or constraints, these algorithms 
are unable to overcome local optima. However, since simu- 
lated annealing offers the alternative of a random uphill 
move, the system can “jump out”of a local minimum toward 
a global minimum. Simulated annealing thus combines stan- 
dard iterative improvement and random uphill jumps to en- 
sure that the system is not confined to a local minimum. A 
treatise on the choice of control parameters essential for such 
an annealing schedule (commonly called cooling schedule) is 
detailed in van Laarhoven and Aarts (1987). 

Neighborhood moves in simulated annealing 
In simulated annealing, the changes in the configuration of 

the system is realized through a neighborhood move from one 
point to another. For continuous variables, a neighborhood 
move is analogous to “a random walk with a bias.” Based on 
theoretical results, a formulation of moves for the different 
class of variables can be devised as (Zhang and Wang, 1993): 

For integer variables, a move is defined as a change of a 
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variable from an integer value to another with a random step 
size. 

For zero-one variables, a move is defined as a change of 
a variable from zero to one or vice versa: 

1, if x j = O  

0, if x i = l .  

For discrete variables, a move is defined as a change of a 

For continuous variables, a move is defined as a random 
variable from one discrete value to another. 

change of one variable: 

where 
xi = value of the decision variable prior to the move 
xi. = value of the decision variable after the move 
C, = step size of the continuous variable 

For continuous variables, there are other move sequences, 
a detailed treatise of which is presented elsewhere (Vander- 
bilt and Louie, 1984; Bohavchevsky et al., 1986). Further, it 
must be realized that for continuous variables, the step size 
of a neighborhood move should be small when the tempera- 
ture is near “freezing” to obtain accurate solutions. Further, 
in multivariable problems, the neighborhood move can be re- 
alized in two ways: (1) moving one variable at a time (or- 
thogonal move), or (2) moving all variables simultaneously 
(combined). In our approach, both the strategies have been 
employed in order to arrive at the final solution. Based on 
observations, orthogonal moves are better for constrained 
optimization problems, while the combined move approach is 
better for unconstrained optimization problems. 

Penalty Function Approach 
In a previous section, the importance of the confidence in- 

terval in determining the sample size was presented. In this 
section, we introduce the idea of penalty, which takes into 
account the confidence interval in the synthesis under uncer- 
tainty of large-scale combinatorial optimization problems. 
This leads us to formulate the new variant of the simulated 
annealing algorithm, the stochastic annealing algorithm. 
In stochastic annealing, the cooling schedule is used to de- 

cide the weight on the penalty term for imprecision in the 
probabilistic objective function (by “stochastic annealing” we 
refer to the annealing of a probability or stochastic function. 
It must be realized that the simulated annealing algorithm is 
a stochastic algorithm inherently, since the moves are deter- 
mined probabilistically. For our purposes, however, we will 
refer to the annealing of a deterministic objective function 
simply as simulated annealing). The choice of a penalty term, 
on the other hand, must depend on the error bandwidth of 
the function that is optimized, and must incorporate the ef- 
fect of the number of samples. For the expected value as an 
objective function, the penalty term depends on the error 
bandwidth 2s/&. In process synthesis, there are a few cases 
in which one is interested in finding the decision variables for 
which the uncertainty is minimum. This is realizable in one 
form by minimizing the standard deviation of the expected 

function. Estimates of the lower and upper bounds of the 
standard deviation are obtained from the chi-square ( x) dis- 
tribution, which for a random sample from a normal distribu- 
tion with mean p and standard deviation u is given by 

respectively. The penalty term in this case is based on half 
the difference between the upper and lower bound of the 
standard deviation. 

The new objective function in stochastic annealing, there- 
fore, consists of a probabilistic objective value and the penalty 
function, which is represented for the mean (Eq. 12) and the 
standard deviation (Eq. 13) as follows: 

and 

(12) 

(13) 

In the preceding equations, the first term represents the 
real objective function and all other terms following the first 
term signify the penalty function. 

The weighting function b(t)  can be expressed in terms of 
the temperature levels. At high temperatures, the sample size 
can be small, since the algorithm is exploring the functional 
topology or the configuration space to identify regions of op- 
tima. As the system gets cooler, the algorithm searches for 
the global optimum; consequently, it is necessary to take more 
samples to get more accurate and realistic objectives/costs. 
Thus, b( t )  increases as the temperature decreases. Based on 
this observation, an exponential function for b( t )  can be de- 
vised as 

b0 b ( t )  = -, 
k‘ (14) 

where 6, is small (e.g., 0.001), k is a constant that governs 
the rate of increase, and t is the current temperature level. 

Stochastic Annealing Algorithm: A Variant of the 
Simulated Annealing Algorithm 

The stochastic annealing algorithm minimizes the CPU 
time by balancing the trade-off between computational effi- 
ciency and solution accuracy by the introduction of a penalty 
term in the objective function. This is necessary, since at high 
temperature the algorithm is mainly exploring the solution 
space and does not require precise estimates of any proba- 
bilistic function. The algorithm must select a large number of 
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samples, as the solution is near the optimum. The weight of 
the penalty term, as mentioned before, is governed by b(t) ,  
and is based on the annealing temperature. Based on these 
ideas, the stochastic annealing algorithm is as follows: 

1. Initialize variables: Tinitia,, Tfreeze, accept and reject lim- 
its, initial configuration S. 

2. If (T > T,,,,,) then perform the following loop (a-h) N 
(number of moves at a given temperature) times. 

(a) Generate a move S' from the current configuration 

i. Select the number of samples, Nsamp by a random 
S as follows: 

move. 
If rund(0, 1) I 0.5 then 

otherwise, 

Nsamp = Nsamp - 5 x rand(0,l) 

ii. Select the decision variables (zero-one, integer, dis- 

(b) Generate Nsamp samples of the uncertain parame- 

(c) Perform the following loop [c(i)-c(ii)] Nsamp times. 

crete and continuous variables). 

ters. 

i. Run the model. 
ii. calculate the objective function cost (S'). 

(d) Evaluate the expected value E[cost(S')] and s 

(e) Generate the weighting function b ( t )  = b,/k' 
(f) Calculate the modified objective function: 

[cost(S')] of the cost function. 

2s  
0bjt.S) = E[cost(S')]+ b ( t ) -  JK& 

or 

vii. Let A = Obj(S') - Obj(S) 
viii. For a minimization problem, if A I 0, then accept 

the move. Set S = S'; else if ( A  2 01, then 
accept with a probability exp (- A/T) .  

3. If T > T,,,,,, set T = cuT and return to 2. 
4. stop. 

Example Problem 
The salient features of the stochastic annealing algorithm 

are best understood through a simple example involving inte- 
ger and continuous variables. Consider a simple function: 

where 
u l ,  u2 = uncertain parameters 
y , , y 2 =  integer variables 
x1 x 2  = continuous variables. 

The uncertain parameter u1 was obtained from a uniform 
distribution [uniform (0.9, 1.111 while u2 was obtained from a 
normal distribution [normal (0.8, 1.2)] using Latin hypercube 
sampling. The bounds for the integer and continuous vari- 
ables are as follows: 

1 s y , s 4  
1 s y 2 s 5  
0 s x x , ~ 6  
0 s x z  I 5. 

The problem can be stated as 

Minimize E(cost) or Minimize s(cost), 

subject to 

From observations, the minimum of the cost function is 
zero and occurs wheny, = y ,  approximately equals 3, x1 = x 2  
= 1, and the average value of the uncertain parameters u,  
and u2 are set to unity. 

In Figure 5, the objective function [in this case E(cost)] is 
plotted against the annealing temperature. The objective 
function,E (cost), after every "move" was computed subject 
to the given uncertainties, using 100 samples and no penalty 
was imposed on the number of samples. On the other hand, 
Figure 6 shows the results of the run using the stochastic 
annealing algorithm, which incorporates the penalty function 
approach. The optimum reached in both cases was essentially 
the same, but the stochastic annealing algorithm took on an 
average 32 samples per temperature level to arrive at the 
minimum. A similar result was observed when we considered 
the problem of minimizing the standard deviation. Figure 7 
shows the objective function, s(cost), vs. the annealing tem- 
perature for 1,000 samples using the simulated annealing al- 
gorithm. In contrast, the stochastic annealing algorithm se- 
lected on an average 89 samples per temperature level to ar- 
rive at the same minimum (Figure 8). The results are summa- 
rized in Table 1. 

It is easily observed that the stochastic annealing algorithm 
uses less CPU time and finds the optimum using a lower 
number of samples. It is envisaged that the savings in the 
CPU time can be really significant in the analysis of large 
flowsheets. The stochastic annealing algorithm can enhance 
the design capability in process synthesis problems, as they 
can save computational time without sacrificing the precision 
of the optimal solution. 

The stochastic annealing algorithm seeks to minimize a 
given objective subject to the uncertainties by allowing the 
trade-off between accuracy and computational efficiency. This 
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Figure 5. Objective function, €(cost) vs. annealing tem- 
perature for fixed number (100) of samples. 

trade-off between accuracy and computational efficiency. This 
trade-off is better observed from Figure 9, which shows the 
number of samples and the penalty function [as a percentage 
of the objective function, in this case E(cost)] against the an- 
nealing temperature. Figure 10 shows the same for the stan- 
dard deviation. Initially, the temperature T is high, and the 
algorithm is exploring the configuration space or the func- 
tional topology. The term, b(t) = b&‘ in the penalty term is 
small, as t is small; but since the annealing begins with only a 
few samples, the penalty is high. This can increase the overall 
objective function. Thus, although it may seem that uphill 
moves are discouraged, the high temperature in the initial 
phase of annealing allows few uphill moves. Consequently, if 
uphill moves are not undertaken, the number of samples does 
not change and the probability function is evaluated using 
few samples. As the system anneals, T decreases, and as a 
consequence, b(t)  increases. It is observed that the effect of 
the weighted term, b(t), increases the effect of the penalty 
function on the overall objective function. At low tempera- 
tures, the moves are mostly downhill; as a result, the algo- 
rithm tends to accept more samples to compute the objective 
function accurately. Finally, when the temperature is close to 
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Figure 6. Objective function, €(cost) vs. annealing tem- 

perature for stochastic annealing which se- 
lects the number of samples. 
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Figure 7. Objective function, s(cost) vs. annealing tem- 
perature for fixed number (1,000) of samples. 

“freezing,” all the moves are essentially downhill, and the 
weighted term does not allow the number of samples to in- 
crease indefinitely. This trade-off between accuracy and effi- 
ciency is the significant aspect of the algorithm, and allows 
the selection of an optimum number of samples, without loss 
of precision in the computation of the objective function. 

HDA Process 
The stochastic annealing algorithm has been used to syn- 

thesize a benchmark process in chemical engineering-the 
HDA (hydrodealkylation) process. For this purpose, a syn- 
thesis capability has been built around the public version of 
the ASPEN chemical process simulator. The details of this 
implementation in ASPEN are elaborated elsewhere 
(Chaudhuri and Diwekar, 1995). The HDA Process has been 
extensively studied by Douglas, starting from a hierarchical 
approach to the design problem (Figure 11). The problem we 
propose to solve is the selection of the flowsheet and some of 
the operating conditions that maximize profit. Also, we will 
assume that some of the cost parameters are uncertain and 
are represented as probability distributions. In order to illus- 
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Figure 8. Objective function, s(cost) vs. annealing tem- 
perature for stochastic annealing which se- 
lects the number of samples. 
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Table 1. Results for the Example Problem* 

Samp./ 
Temp. 

Function Algorithm Level Y l  Y2 x l  x2 Optimum CPU Time (s) 
Exp. Val. Sim. Ann. 100 3 3 1.0001 1.0002 0.067 93.26 

Stoch. Ann. 32 3 3 1.0007 1.0008 0.069 74.54 
Std. Dev. Sim. Ann. 1,000 3 3 1.07021 0.93646 0.058 114,360.7 

Stoch. Ann. 89 3 3 1.07627 0.93536 0.059 61,841.8 

*The CPU time does not include the sampling time. However, the total sampling time observed was much less compared to the execution time of the 
algorithms. In reality, the sampling time is usually a small percentage of the CPU time charged in the synthesis of large flowsheets. All computations 
were performed on VAX-4000. 

trate the computational efficiency achieved by using the 
stochastic annealing algorithm, which automatically selects 
the optimum number of samples, the process flowsheet was 
also run using simulated annealing with fixed sample size. 

Process description 
The pertinent reactions of the HDA process are 

toluene + hydrogen = benzene +methane. 
In addition to this desired reaction, an undesired reaction: 

benzene = diphenyl + hydrogen 
also occurs. These homogeneous gas-phase reactions occur in 
the range of 894 K and 974 K. At lower temperatures, the 
reaction of toluene to produce benzene is too slow, while at 
high temperature substantial hydrocracking occurs. The pres- 
sure is maintained at 3.45 MPa in the reactor. Also, a molar 
ratio of at least 5:1 hydrogen to aromatics is maintained to 
prevent coking, and the reactor effluents must be quenched 
to 894 K to prevent coking in the heat-exchanger following 
the reactor. 

The raw hydrogen stream has a purity of 95% (the rest is 
methane) and is mixed with a fresh inlet stream of toluene, 
recycled hydrogen, and toluene streams. These feed streams 
must be heated before being fed to the reactor. The reaction 
is exothermic and can be carried out in either an adiabatic 
reactor (y l  = 1) or an isothermal reactor ( y 2  = 1). The reac- 
tor effluent contains unreacted hydrogen, toluene, product 
benzene, and the undesired product methane and diphenyl, 
which is then quenched. The quenched stream is further 

cooled to condense the aromatics and separate the noncon- 
densables (methane and hydrogen) in a flash separator. 

To prevent the buildup of methane in the system, the va- 
por stream from the flash separator is purged; the remainder 
containing valuable hydrogen is recycled. A portion of the 
liquid stream from the flash separator is used to quench the 
reactor product stream, and the rest is sent to the liquid sep- 
aration system. Since not all of the hydrogen and methane 
can be separated from the aromatics in the flash unit, most 
of it is removed in a distillation (or stabilizing) column (y3 = 
1) or a flash separator (y4 = 1) operating at a lower pressure 
than the previous flash unit. The liquid stream contains es- 
sentially benzene, toluene, and diphenyl, which are separated 
in a sequence of distillation columns. The flash column sepa- 
rates benzene from toluene and diphenyl, while the second 
column separates toluene from undesired diphenyl. 

The objective function is to maximize the annualized profit. 
The cost model is represented by linear fixed-charge costs 
and the data are given in Table 2, which also shows the un- 
certainties associated with some of the cost factors. 

The mixed-discrete optimization problem contains four bi- 
nary (0-1) variables and six continuous variables: furnace 
temperature, temperature of the isothermal reactor, conver- 
sion in the reactors, molar flow rate of the hydrogen and 
toluene streams, and seven constraints. The optimal design 
configuration is shown in Figure 12. The results (Table 3 in- 
dicate that stochastic annealing is able to attain the same op- 
timal design configuration obtained using simulated anneal- 
ing with a fixed sample size, but by stochastic annealing algo- 
rithm achieved 80% savings in CPU time and consequently 
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Figure 9. Effect of the number of samples on the penalty 
term for the expected value, €(cost) for 
stochastic annealing. 

Figure 10. Effect of the number of samples on the 
penalty term for the standard deviation, 
s(cost) for stochastic annealing. 
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Figure 11. Superstructure of the HDA Process (Doug- 
las, 1988). 

provides an automated, efficient approach to stochastic syn- 
thesis. 

Conclusion 
The stochastic annealing algorithm is designed to optimize 

an objective function, which is an estimate of any statistical 
parameter, such as the expected value or the standard devia- 
tion of any output parameter. We have modified the stan- 
dard simulated annealing algorithm to choose not only the 
decision variables, both discrete and continuous, but also the 
number of samples. The number of samples is less when the 
temperature is high and the algorithm is exploring the entire 
configuration space. When the system is close to “freezing,” 
the algorithm allows for an increased number of samples, but 
at the same time does not allow the selection of “too many” 
samples. This is actually incorporated in the algorithm as a 
penalty term, which uses the confidence interval or the 

Figure 12. Optimal design configuration for the HDA 
Process. 

bounds for the objective function to enable the selection of 
the number of samples, and the penalty term is weighted, 
based on the annealing temperature. The stochastic anneal- 
ing algorithm has been applied to the synthesis of a bench- 
mark chemical process-the hydrodealkylation of toluene to 
produce benzene, which is frequently referred to in the liter- 
ature. Both simulated annealing with fixed sample size and 
stochastic annealing were used to analyze the flowsheet. The 
stochastic annealing has been shown to find the optimal flow- 
sheet configuration, with 80% savings in CPU time. This new, 
innovative synthesis tool therefore holds great promise in the 
synthesis of large-scale complex chemical processes under 
uncertainty. 
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Table 2. Cost Data for HDA Problem 

Feedstock or pdt/by-pdt. cost Uncertainty 
Hydrogen (95% H,, 5% CH,) $2.50/kmol normal (0.6, 1.4) 

Benzene ( 2 90%) $19,9O/kmol normal (0.7, 1.3) 
Toluene (100% toluene) $14.0/kmol triangular (0.6, 1.4) 

Diphenyl $11.84/kmol lognormal (0.6, 1.1) 
Hydrogen purge (heat Val.) $1.08/kmol 
Methane purge (heat Val.) $3.37/kmol 

cost 
Electricity $O.O4/kWh 

Heating (steam) $8.O/lO6 W 
Cooling (water) $O.7/lO6 W 

Fuel $4.O/lO6 W 
Investment costs, $lo3 yr-’ Fixed-charge costs Uncertainty Lin. coeff. 

Compressor 
Stabilizing col. 
Benzene col. 
Toluene col. 

Furnace 
Adiab. reactor 

Iso. reactor 

$7.155 
$1.126 

$3.90 
$6.20 

$74.3 
$92.875 

$16.3 

normal (0.8, 1.2) 
uniform (0.6, 1.4) 

- 
- 1,172 xduty (lo6 W/yr) 
- 1.257Xvol (m3) 
- 1.571 Xvol (m3) 

0.815 X bhp (kW) 
0.375 x No. of trays 

1.55 x No. of trays 
1.12 X No. of trays 

- 
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Table 3. Results for the HDA Problem 

Sim. Annealing Stoch. 
Decision Variables (Sample Size Fixed) Annealing 

1 1 
0 0 
0 0 
1 1 

Y l  
Y2 
Y3 
Y4 

Conversion 0.603 0.609 
Reactor temp. 863.5 K 866.9 K 
Furnace temp. 891.9 K 893 K 

Molar flow rate (hydrogen feed) 252.44 kmol/h 252.62 kmol/h 
Molar flow rate (toluene feed) 126.84 kmol/h 127.31 kmolfi 

CPU time 74,000 s 14,516 s 
Maximized Profit, $/yr X lo3 621.1 649.7 

Notation 
E =energy of a state 

E ( Z )  =expected value of the objective function 
yi = a  particular observation 
Z ,  =reciprocal of the normalization factor 
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